A module M over a commutative ring R has an almost trivial dual if there is no homomorphism from M onto a free R-module of countable infinite rank. Using a new combinatorial principle (the ℵ n -Black Box), which is provable in ordinary set theory, we show that for every natural number n, there exist arbitrarily large ℵ n -free R-modules with almost trivial duals, when R is a complete discrete valuation domain. A corresponding result for torsion modules is also obtained. 1. Introduction. For a module M over a commutative ring R, let M * = Hom R (M, R) be the dual module over R. The problem of building uncountable Rmodules M with trivial dual, i.e. M * = 0, has attracted considerable attention in the research literature. It is a stronger form of the challenge of constructing κ-free nonfree modules, since κ-free modules with trivial duals are clearly not free. (Recall that a module M is κ-free if all its submodules generated by < κ elements are contained in a free R-submodule -see [4, 10] ). If R is a countable domain, but not a field, then it is clear how to construct proper classes of torsion-free R-modules with trivial dual, e.g. apply Corner [1] or Corner-Göbel [2] . In this case, in [9] the authors proved that there is even a proper class of ℵ n -free R-modules M with trivial dual.
results from the fact that a good combinatorial substitute, replacing the diamond prediction principle, is necessary to ensure the ℵ n -freeness of the modules.
Finally, in Section 4 we state some possible generalizations and their limitations.
2. The ℵ n -free black box from [9] . Here we outline the new combinatorial principle from [13] , which was simplified in [9] . It is designed to construct ℵ n -free abelian groups in ZFC (without any additional axioms). Like Shelah's ordinary Black Box (see [10] ) this prediction principle imitates the well-known diamond principle (which holds in the constructible universe L), and although it predicts much less, it is nevertheless strong enough to be very useful for applications in algebra. This new so-called ℵ n -Black Box was first used to construct arbitrarily large ℵ n -free abelian groups with trivial dual. Here we want to apply it for the construction of ℵ n -free (ℵ n --cyclic) R-modules over complete DVDs with almost trivial duals (see the notations in the Introduction). Thus, this set-theoretic machinery requires some modifications for complete DVDs in Section 3. We will first state the prediction principle and provide details of its proof useful for the construction of ℵ n -free modules and ℵ n --cyclic modules and possibly further applications.
The ℵ n -Black Box is defined relative to a finite sequence λ = λ 1 , . . . , λ k * , k * < ω of cardinals such that for the cardinals
the following -conditions (2.2) hold:
2)
The sequence λ will be called a black box sequence ( -sequence); clearly its members satisfy χ l = χ ℵ 0 l < χ l+1 . EXAMPLE 2.1. It is easy to find -sequences: (a) Given any cardinal λ, then define inductively a λ-sequence by χ 1 = λ ℵ 0 and if λ l is defined for l < k * , then choose a suitable λ l+1 > λ l with (2.2), e.g. put
ω↑ λ denotes all infinite branches, i.e. all order-preserving maps η : ω → λ on λ, while ω↑> λ denotes the family of all order-preserving finite branches η : n → λ on λ, where the ordinals n, λ and ω are considered as sets, i.e. n = {0, . . . , n − 1}, thus the finite branch η has length n. Now let λ = λ 1 , . . . , λ k * be a -sequence and put
3)
The elements of , * are written as sequences η = (η 1 , . . . , η k * ) with η l ∈ ω↑ λ or η l ∈ ω↑> λ respectively. These ηs are used as supports of elements of the module to be constructed and hence will ensure ℵ n -freeness.
With each η a support is associated in the following way:
DEFINITION 2.3. Let C be a set of size ≤ χ 1 and define a set-trap (for , C) as a map ϕ η : [η] → C with a label η ∈ .
The following lemma and theorem were proved in [9, Lemma 2.3, Theorem 2.4] and constitute the combinatorial version of the ℵ n -Black Box.
We slightly modify [9] by predicting a finite sequence of values 0η 1 , . . . , 0η k * for some η ∈ (not just 0η k * as in [9] ). The changes of the proof of the next theorem are minor and thus follow easily from the proof of [ 
In order to construct ℵ n -free (torsion) modules, the following freeness condition and thus the proof of the Freeness Proposition 2.7 need some further changes (in comparison with [9, Proposition 2.6]). Thus, we will be more explicit, also use [13] , and carry out the arguments in detail. Recall that ≤ω * means the set of all subsets of * that are at most countable.
We say that a function F : → ≤ω * is regressive if for every η ∈ and every l ≤ k * we have
DEFINITION 2.6. Let F : → ≤ω * be a regressive map. A subset ⊆ is free (with respect to F) if there is an enumeration η α | α < α * of (we write α = {η β | β < α}) and there are α ≤ k * , n α < ω (α < α * ) such that for α < α * and n α ≤ n 
Proof. The proof follows by induction on k. We begin with k = 0, hence we may assume that | | = ℵ 0 . Let = {η α | α < ω} be an enumeration without repetitions. From 0 = k < | u η | it follows u η = ∅ and we can choose any α ∈ u η α for all α < ω. To be definite, we may choose
Since α is finite, we may write it as α = {η
Choosing n α,β large enough, i.e. larger than all n i and all n γ i ,γ j , we may even get that η
Hence, case k = 0 is settled and we let k = k + 1 and assume that the proposition holds for k.
Let | | = ℵ k and choose an ℵ k -filtration = δ<ℵ k δ with 0 = ∅ and | 1 | = ℵ k . The crucial idea comes from [13] : We can also assume that this chain is closed, meaning that for any δ < ℵ k , ν, ν ∈ δ and η ∈ with
The proof of (2.4) is a simple, slightly extended purity-argument (as known from module theory). We may assume that ⊆ is given and of cardinality | | = ℵ k < ℵ k . First we enlarge to get 1 by adding η ∈ whenever there are ν, ν ∈ satisfying the hypothesis of (2.4). Clearly | 1 | = ℵ k and we repeat this process ω many times running through all pairs ν, ν ∈ n obtained so far. Let c = n<ω n . We claim that c is closed as δ in (2.4). If η ∈ satisfies the hypothesis of (2.4) for c , then there is some n < ω and (2.4) holds for η ∈ at stage n . Now η ∈ n+1 ⊆ c is as required, and a closed chain as in (2.4) can be constructed.
Thus, if η ∈ δ+1 \ δ , then the set
is empty or a singleton. Otherwise there are n, n < ω and distinct , ≤ k * with η , n ∈ {ν , n } ∪ νF and η , n ∈ {ν
Thus, the induction hypothesis applies and we find an enumeration η δα (α < ℵ k ) of D δ as in the proposition. Finally we put these chains for each δ < ℵ k together https://www.cambridge.org/core/terms. https://doi.org/10.1017/S0017089512000614
with the induced ordering to get an enumeration η α | α < ℵ k of satisfying the proposition.
2 We are now ready to prepare the algebraic setting for our main theorem. As we are working over a complete DVD R, there is a prime p which represents the unique maximal ideal pR such that completion in R comes from the p-adic topology. As mentioned earlier, we will consider only reduced R-modules M. Hence, p n M (n ∈ ω) generates a Hausdorff p-adic topology on M. We intend to construct modules M in the torsion and the torsion-free case and choose the basic submodules for the Ms first.
In the torsion-free and torsion cases we write
However, we distinguish the annihilators of the generators e η m,n in (2.5). If (2.5) represents a basic module in the torsion-free case, then let
In the torsion case let
Next we consider two p-adic completions of B. In the torsion-free case, let B be the usual p-adic completion of the free R-module B, and in the torsion case let B be the torsion completion of the torsion module B (which is a direct sum of various copies of cyclic R-modules R/p n R); see [10] for elementary facts on the two distinct, reduced R-modules B. Any b ∈ B (in both cases) can be expressed as a countable sum b = η∈ * b η e η with coefficients 0 = b η ∈ R = R. Let We adopt the notion of a trap from Corner-Göbel [2, Definition 3.2]. Recall that A ⊆ * B means that A is a pure submodule of B.
From the set-theoretic version of the Black Box 2.5 follows as in [9, Theorem 3.3] (by easy modification) its algebraic counterpart, which we want to apply in Section 3.
THE χ -BLACK BOX 2.9. Given a -sequence λ = λ 1 , . . . , λ k * with (2.2) and an R-module G of size | G | ≤ χ 1 , let , * be as above in (2.3) . Then there is a family of traps ϕ η (η ∈ ) with the following property:
3. The main theorem. We recall some elementary facts and notations for Rmodules over complete DVDs from [11] . Let tM be the torsion submodule of the R-module M. Its torsion-free rank rk 0 M is the dimension dim Q (Q ⊗ M/tM) of the vector-space Q ⊗ M/tM over the quotient field Q of R. And if tM is bounded, then the module decomposes into M = tM ⊕ M/tM. We will say that M is special if tM is bounded and M/tM has finite rank. Otherwise, either tM contains as a submodule an unbounded infinite direct sum of cyclic (torsion) R-modules or M contains a free R-module of infinite rank. We get an immediate observation. If M is special, then M is a direct sum of a free R-module of finite rank and a bounded R-module with a possibly infinite number of cyclic R-modules which are bounded, and by a theorem of Baer and Prüfer (see Fuchs [5, Theorem 17.2, Vol. 1]) the same holds for epimorphic images of M. Thus, epimorphic images of M are well known and it remains to consider R-modules which are not special, and this is the case we want to deal with in our main theorem.
We choose the basic modules B from (2.5), (2.6) and (2.7). In the torsion-free case as well as in the torsion case we want to find M as a pure submodule B ⊆ M ⊆ * B satisfying the demands of Theorem 3.3. Let D ∈ {T, F} be the test module depending on both torsion and torsion-free cases. By density, any homomorphism G −→ D is uniquely determined on B. Thus (by Theorem 2.9), any surjection ϕ : M → D had been predicted by one of the traps ϕ η ⊆ ϕ on its domain Dom(ϕ η ). Moreover, we can predict the initial values 0η 1 , . . . , 0η k * . This will be used in two steps in the construction to ensure that no such ϕ exists for M.
Firstly, we will show that for ϕ there is some element m ∈ M (the completion of M in both torsion and the torsion-free cases) such that mϕ / ∈ D, using that D is not complete in the appropriate p-adic (torsion) completion of D. We follow the convention that we do not rename homomorphisms on B and their unique extensions on G. Secondly, we will prove a killing lemma that provides elements y, which will be added to M, hence yϕ ∈ D which will also imply mϕ ∈ D. But including y will not destroy ℵ n -freeness or -cyclicness of the extended M. This contradiction will ensure that the final module M does not have an epimorphic image D.
To start with we prove a very simple fact. 
such that there is no homomorphism ϕ : B,
Proof. The proof in the torsion case is very similar and thus left to the reader. Assume that the claim does not hold for = 0 and = 1. Hence, there are elements , we obtain y
If κ is an infinite cardinal, then we iterate powersets beginning at κ and define 0 (κ) = κ, and if (κ) is defined for < ω, then let +1 (κ) = 2 (κ) . We are now ready for our main theorem. Proof. As before, the torsion-free and torsion cases are proved similarly, so we will concentrate on the torsion-free case. For any η ∈ we will apply Proposition 3.2 and obtain elements y η ∈ B. Let
Obviously, M has size k * (κ). We must show that M is ℵ k * -free and that F is not an epimorphic image of M. We begin with the second claim and show the following: It remains to show that M is ℵ k * -free, thus we will apply Proposition 2.7, which also permits that the function F of Proposition 3.5 is regressive. We first need some often used arithmetic of P-divisor chains. If η ∈ , then write b 0η k * = n<ω p n b ηn where
Proof. Besides the * -support [g] * any element g of the module M = B, y η | η ∈ * has a refined natural finite support [g] . It consists of all those elements of and * contributing to g. We observe that g is generated by elements y η and e η m,n and simply collect the ηs and η m, n needed. Clearly [g] is a finite subset of ∪ * . Hence, any subset H of M has a natural support [H ] taking the union of supports of its elements. If H is a submodule of M that is generated by < κ elements, say by the set H , for some infinite cardinal κ, then there is a subset ⊆ of size | | < κ such that H is a submodule of the pure R-submodule
which also has size < κ. Thus, in order to show ℵ k * -freeness of M, it suffices to consider any ⊆ of size | | < ℵ k * and show the freeness of the module M . We may assume that | | = ℵ k * −1 . Let F : → ≤ω * be the regressive map defined before Proposition 3.2.
By Proposition 2.7 we can express the generators of M in the form and find a sequence of pairs ( α , n α ) ∈ (k * + 1) × ω such that for n ≥ n α 4. Some generalizations. In order to prove in the torsion-free case that the module from Theorem 3.3 has no epimorphisms onto ω R, we applied the simple Proposition 3.1. This was based on the incompleteness of the module F = ω R. Thus, the Main Theorem 3.3 still holds if we replace R by a different ring R such that ω R is not complete in some ‫-ޓ‬topology. We state the theorem without proof. The following example shows that the hypothesis of Theorem 4.1 need not hold for general rings and topologies. EXAMPLE 4.2. Given an uncountable cardinal α, there is a ring T equipped with a topology S such that β T is complete in the S -topology if and only if β < α.
Proof. The claim follows from [7] but we include the construction briefly. Let T = ‫[ޚ‬X], where X is a set of variables of size |X| = α. Choose the S -topology that consists of all monomials in X. Then T is S -complete and moreover β T is Scomplete whenever β < α. However, if we consider M = S T, then (r s : s ∈ S ) is a Cauchy net with r s = (sδ l ) l∈S since r s − r sl ∈ sM for all s, l ∈ S but lim(r s : s ∈ S ) ∈ M. Hence, M is not S -complete and so nor is any module β T for β ≥ α.
We would like to remark that even for rings T and cardinals α as in Example 4.2 one can similarly construct ℵ n -free modules M (in the appropriate sense) such that M does not have any epimorphism onto α T. The main point is that one has to consider an appropriate completion of a base module B and then add new elements to B as in the killing lemma Proposition 3.2. In order to have these elements at hand one has to know that in the end there is always a witness for the unwanted homomorphisms, i.e. for such homomorphisms there is an element in the completion that is mapped outside F (see Proposition 3.1).
